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Abstract

We present a novel procedure to extract dynamical information from the inelastic incoherent part of the experimental
neutron total cross section. The coherent elastic and inelastic components must be subtracted in order to isolate the
incoherent inelastic part. We show how to obtain the one-phonon downscattering component from it, and use this result
to evaluate its derivative with respect to the incident neutron wave vector. This provides a function, which serves as an
input for the algorithm to extract the density of the states that is presented in this paper. We have applied this method in
the case of three metal hydrides: zircaloy, magnesium and niobium, whose total cross sections were measured at
a low-#ux neutron source. Those results are in agreement with the inelastic scattering experiments performed at high-#ux
sources over the range from 40 to 250 meV. ( 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Neutron scattering techniques devised to explore
the dynamics of condensed matter have attained
a high degree of development, and nowadays large
facilities with a great variety of spectrometers are
available, where the high neutron #uxes allow to
obtain good statistics in relatively short times.
However, there are situations in which there is still
some degree of di$culty in obtaining the informa-
tion from such experiments, notably, the non-trivial

corrections that have to be performed such as those
due to the multiple-scattering and multiphonon
e!ects, on which much e!ort was devoted and con-
siderable progress has been attained recently [1],
or the di$culties that arise when an absolute scale
is required for the results [2]. Furthermore, when
densities of vibrational states must be extracted
from the experimental data, serious di$culties arise
if an absolute normalization is required, due to the
limited dynamic range in which the experiment is
performed. In all those cases an unavoidable
amount of corrections have to be performed on the
experimental data, and therefore additional experi-
mental information to check up the results will
always be desirable.
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1A thermal energy for the incident neutrons will be assumed
to avoid considering the e!ect of nuclear resonances.

2The general case where multiple scattering is considered is
treated in Ref. [1].

3 It is worth noticing that in all further theoretical develop-
ments we will omit second-order e!ects such as neutron}elec-
tron interaction. Nevertheless this e!ect is considered in the
calculated components [9].

Neutron transmission experiments devised to
obtain the total cross section are free of multiple
scattering corrections provided they involve di-
rect-beam measurements. In experiments per-
formed at pulsed sources with the time-of-#ight
technique, a detailed function of the incident energy
can be achieved, and no extra calculations have to
be performed to obtain absolute-value results.
At the same time several decades in energy can
be explored in a single experiment, thus allowing
to cover all the dynamic range of interest in the
condensed matter, and it can be used to provide
a direct means of normalization for the above-
mentioned experiments, devised to investigate the
dynamics in greater detail [1]. Transmission
measurements constitute a valuable tool for many
"elds in the basic condensed matter research as well
as in the applied physics. In particular, it was em-
ployed since the beginning of neutron scattering in
the validation of simpli"ed models to be applied in
reactor design [3,4], in polycrystalline samples to
obtain information on their crystal structures [5],
and also structure factors from the amorphous sys-
tems [6]. Recently, important characteristics of the
dynamics of hydrogen in metals were explored [7]
employing this technique.

Due to the fact that typical mean-free paths for
thermal neutrons are of the order of millimeters, the
size of the samples needed to perform the experi-
ments have to be &macroscopic', which means that
relatively large amount of sample must be avail-
able. In cases where this is not possible, transmis-
sion experiments in high-#ux sources could be
performed using narrow beams on such small
samples and this could still provide valuable
information on them. On the other hand, in
low-#ux neutron facilities associated to small sour-
ces, which cannot compete with large neutron
centers in inelastic scattering experiments, trans-
mission experiments can be performed with good
statistics. It is also worth mentioning that another
"eld of interest in which the transmission measure-
ments are employed is the scanning of large sam-
ples with neutron beams, a technique that is
gaining interest due to its potential technological
applications.

In this paper we show that signi"cant informa-
tion can be obtained from the incoherent compo-

nent of the neutron scattering cross section, namely
considerable detail on the shape of the vibrational
frequency spectrum. We will present a procedure
for its analysis and demonstrate its application on
some metal hydrides, recently measured.

2. Theoretical background

2.1. Basic equations

We will assume a well-collimated neutron beam
of energy E

0
(wave vector k

0
) incident on a mon-

atomic sample consisting of N scattering centers.1
After one collision the neutron leaves the sample
with "nal energy E (wave vector k).2 The total cross
section can be written as a sum of scattering and
absorption components

p
505

(E
0
)"p

4#
(E

0
)#p

!"4
(E

0
). (1)

Provided that the absorption cross section for ther-
mal neutrons is a well-known nuclear e!ect which
is readily accounted for, we will concentrate our-
selves on the scattering cross section, which is de-
"ned as the integral over all the energies and the
directions of the double di!erential cross section
[8]3

p(E
0
)"PdX dEA

d2p
dX dEB. (2)

Making explicit use of the scattering law S(Q, e) the
resulting expression is

p(E
0
)"

Np
"

4p P
k

k
0

S(Q, e) dX dE, (3)

where we employ the usual de"nitions Q"k
0
!k

and e"E
0
!E.
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Fig. 1. Domain of integration in the Q}e plane to calculate the
total cross section for incident neutrons of energy E

0
(wave

vector k
0
). The region over the Q-axis comprises the dynamic

range where the neutron losses energy (downscattering), and
below the Q-axis the energy transfers for the upscattering pro-
cesses. In the inset we show the function F(Q) intervening in Eq.
(23), which establishes the limit of the sensibility of the integral
for the exploration of the density of states.

The double integration in Eq. (2) can be written in
a way that makes explicit the range of integration
in the Q}e plane. For this purpose, we "rst note that

e"
+2
2m

[(k
0
!Q)2!k2

0
]"!

+2Q2

2m
#

+2
m

k
0
Qk, (4)

where m is the neutron mass and k"cos h, being
h the angle between the vectors k

0
and Q. Now we

can change the variables in Eq. (3) by means of

k dX dE"k dX de"
+2
m

d3Q, (5)

where

d3Q"2pQ2 dQ dk. (6)

Then, taking Q and e as variables and employing
Eq. (4)

k dX dE"
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k
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Q dQ de, (7)

Eq. (3) results in
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where e
.!9

and e
.*/

indicate the allowed kinematic
range

e
.!9

(Q, k
0
)"

+2k
0
Q

m A1!
Q

2k
0
B, (9)

e
.*/

(Q, k
0
)"

+2k
0
Q

m A1#
Q

2k
0
B.

The limits of the kinematic range are shown in
Fig. 1, where it is observed that the vertex of the
parabola in the Q}e plane is located at the point
(k

0
, E

0
). It is worth remarking that the upper semi-

plane e'0 will contain information of the S(Q, u)
related with the downscattering processes, and the
lower part e(0 with the upscattering.

2.2. Components of the total scattering cross section

The total scattering cross section can be written
as a sum of components, regarding the elastic, in-
elastic, coherent and incoherent processes that take

place

p
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(10)

The elastic coherent component can be calculated
with computer codes as CRIPO and XTAL [9,10]
for crystalline systems, while for the disordered
systems, a detailed knowledge of its structure factor
needs to be known, as shown in Ref. [6]. With
regard to the inelastic coherent component, the
incoherent approximation is usually employed
[11]. In the following sections we will analyze the
incoherent components, and indicate the way in
which the coherent components are calculated
when needed.

2.3. Multiphonon expansion

The incoherent total cross section can be ana-
lyzed through the phonon expansion in the S(Q, e)
[12]

S(Q, e)"e~aQ2d(e)#
=
+
n/1

1

n!
e~aQ2(aQ2)n;

n
(e), (11)
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where a is related to the Debye}Waller factor=

a"A
+

2MBP
=

0

Z(e)
e

(2n(e)#1) de"
2=

Q2
, (12)

M is the mass of the scattering unit, n(e) is the Bose
occupation number

n(e)"
1

exp(e/k
B
¹)!1

, (13)

k
B

is the Boltzmann's constant, ¹ the temperature
of the system and Z(e) is the vibrational density of
states. The functions ;

n
in Eq. (11) are calculated

through the recurrence relation

;
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It is worth noting that the functions de"ned in
Eqs. (14) and (15) are properly normalized to one.
Integration of each term in Eq. (11) as indicated in
Eq. (8), gives rise to the di!erent components in the
incoherent total cross section. Thus, the elastic
component is
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and the n-phonon terms result in
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where the function f
n
(Q) is

f
n
(Q)"

1

n!
anQ2n`1e~aQ2. (18)

The one-phonon component depends more closely
on the shape of the density of states than the multi-
phonon terms, for which the detailed features are
smeared out. This will allow an estimate of the

multiphonon components via an approximate
function representing the density of states. On the
other hand, the Debye}Waller factor can be found
if the elastic component is known, provided it is the
only parameter intervening in Eq. (16).

Now we will focus our attention on the one-
phonon component
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This expression can be decomposed in the down-
scattering and upscattering terms. The "rst one
corresponds to the upper semi-plane in Fig. 1, and
thus it can be expressed as
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while the upscattering term has a similar expression
as Eq. (19), but the de"nition of e

.!9
given in Eq. (9)

must be replaced by

e
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(21)

It must be noted from inspection of Eqs. (19) and
(20), that the product k2

0
p must be a monotonically

growing function of energy, because the integration
domain for a given energy includes completely the
integration domain corresponding to a lower en-
ergy, and that we are integrating a non-negative
function.

2.4. Derivatives of the one-phonon term

Let us de"ne the function I
1
(k

0
) as

I
1
(k

0
)"

d

dk
0
A
2k2

0
p
"

p
1
(E

0
)B. (22)

This function can be decomposed in an &up' and
a &down' component according to the subdivision
proposed in Eqs. (19)}(21). To calculate them we
have to perform a derivative of the integral sign in
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those equations, resulting
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where we have used the notation F
1
(Q)"

(h2/m)Q f
1
(Q). As can be easily seen in Eq. (23), the

downscattering integral tends to zero as incident
energy goes to zero. Its calculation comprises
values of Z(e) evaluated over the upper parabola
shown in Fig. 1 (as stated in Eq. (9)), so this integral
explores the density of states from zero up to the
incident neutron energy. This is the reason why the
downscattering function contains an important de-
gree of detail of the density of states. On the other
hand, the upscattering derivative comprises an in-
tegration domain that always covers all negative
energy transfers, so it is expected to be quite insen-
sible to the detailed shape of the density of states, as
will be shown in the following sections. It is also
worth mentioning that the function F(Q) that
modulates the ; function in Eq. (23), depends only
on the value of a, i.e. the mean-square displacement
of the atom. In the inset of Fig. 1
we show its shape for a typical value of 0.02 As 2. It is
clearly seen that it is signi"cant up to 25 As ~1, so
integral (23) will be roughly operative up to some
1.2 eV, which largely comprises all energies of inter-
est in a vibrational density of states. These features
lead us to concentrate on Eq. (23), to explore the
possibility of obtaining Z(e) from it.

2.5. Derivation of Z(e)

It is essentially possible to extract the density of
states Z(e) if the function I$08/

1
(k

0
) is known for

a given set of experimental k
0
-values. We will show

a numerical procedure to do it while the description
of a procedure to extract I$08/

1
(k

0
) from a measured

total cross section, and a few examples to illustrate

its applications will be dealt with in the next sec-
tion. Firstly, we will rewrite Eq. (23) noting that the
function e

.!9
(Q, k

0
) included in it is symmetric with

respect to k
0

as a function of Q, as can readily be
observed in Fig. 1, so for a given value u the
following relation holds:
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Eq. (23) can thus be rewritten as
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To begin with the numerical calculation of the
function ;

1
, we will suppose that the function

I$08/
1

is known for a given set of energy values
ME

1
, E

2
, 2, E

n
N and that the "rst energy E

1
is low

enough to explore a region of the Q}e plane in
Eq. (23) where the function F

1
(Q) is negligible, so

a small error is introduced if we assume that ;
1

is
a constant (which we will call;1

1
) for all E(E

1
. In

that condition, Eq. (26) becomes
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The last integral can now be solved and the result is
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This allows us to obtain ;1
1

from Eq. (28). In the
subsequent steps we will consider that ;

1
is a con-

stant in every energy interval considered. Thus for
the nth energy the equivalent of Eq. (27) will be
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where by de"nition k
0
,0;
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The system of equations represented by Eq. (30)
can be rewritten as
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This system is easily solvable, and the set of values
;j

1
thus obtained approximately represent the

function ;
1
(e) for the experimental energy values.

From Eq. (15) the Z(e) is obtained. At this point,
two questions still remain open. The "rst is how to
obtain the one-phonon downscattering function
and the second, what will be the limitations of the
density of states obtained from this method. In the
next section we will refer to these topics.

3. Total cross-section measurements

The transmission of the samples was measured at
¹"288 K using the Bariloche Electron LINAC-
based neutron source. The neutron spectrum in-
cident on the sample was moderated by a poly-
ethylene slab 40 mm thick, and the neutron energy
was determined using the time-of-#ight technique.
The LINAC was operated at a frequency of 25 Hz
with an electron pulse width of 1.4 ls. The detec-
tion bank placed at 8.34 m from the moderator,
consisted of seven 3He proportional counters
(10 atm "lling pressure, 6A active length, 1A dia-
meter).

The measurements were carried out employing
the &sample in-sample out' technique every 5 min.
The samples were the three di!erent metal hydrides
(that will be denoted by MH

x
). The samples were

turnings placed inside the vanadium cans. They
were Niobium (NbH

0.59
), Magnesium (MgH

0.58
)

and Zircaloy-4 (ZryH
1.96

) hydrides. Zry is a zirco-
nium based alloy (Zr: 98.08%, Sn: 1.50%, Fe:
0.21%, Cr: 0.10%, O: 0.11% in weight).

4. Data processing

4.1. Inelastic incoherent component

Neutron transmission at incident energy E
0
, can

be expressed as

!ln Tr(E
0
)"Nd[c

H
p
H
(E

0
)#c

M
p
M
(E

0
)], (32)

where N is the number of MH
x
scattering units per

unit volume, d is the sample thickness, p
M,H

(E
0
) are

the contributions of the metal and the hydrogen to
the total cross section, respectively, and c

M,H
are

their concentrations.
The total cross sections for the metal and the

hydrogen can be decomposed into its components
of absorption, incoherent, elastic coherent and in-
elastic incoherent

p
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H,M
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0
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where the subscript H stands for hydrogen and
M for the metal. From Eq. (33) the component due
to the incoherent scattering of hydrogen can be
found
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(E
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(p!"4
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The components due to the metal p!"4
M

, p*/#
M

, p#0),*/%-
M

,
were evaluated with a description based on a De-
bye model [9,10], and calculated through a mass
expansion making use of the Gaussian approxima-
tion for the evaluation of the inelastic incoherent
component [13]. The coherent elastic components
(c

M
/c

H
)p#0),%-

M
#p#0),%-

H
were evaluated through the

summation of all the contributions associated with
each Bragg cuto!. It must be emphasized that while
we refer to individual atomic contributions, they
involve the structural and dynamic properties of
the hydride system. Finally, the absorption com-
ponent p!"4

H
was evaluated through the well-known

functional form E~1@2, and the small coherent in-
elastic component of the hydrogen was evaluated
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Fig. 2. Measured total cross sections for the three metal hy-
drides considered in this paper (circles). In full line, the contribu-
tion of the metal and the coherent part of the hydrogen that has
to be subtracted in order to leave the inelastic incoherent cross
section for hydrogen.

through the incoherent approximation

p#0),*/%-
H

(E
0
)+

pH
#0)

pH
*/#

p*/#,*/%-
H

(E
0
). (35)

In Fig. 2 we show the total cross sections measured
for the three metal hydrides. In the case of niobium
hydride, in the range from 0.11 to 0.25 eV we in-
serted the data of Brand [14], which have a better
energy resolution. In the same "gure, we show the
contribution of the bracket in Eq. (34) that has to
be subtracted in order to proceed with the study of
the dynamics of hydrogen that is presented in the
subsequent sections.

4.2. Evaluation of multiphonon component

Starting from the inelastic incoherent compo-
nent, we will show the procedure to estimate the
multiphonon component to obtain I$08/

1
(k

0
), in or-

der to apply the procedure described in Section 2.4.
The multiphonon terms are calculated from
Eq. (17), in which we must know the nth convolu-
tion expressed in Eq. (14), and to perform these
calculations we will have to know the density of
states Z(e) (which is the function we want to obtain),
and the mean-square displacement a. However, the
multiphonon functions ;

n
(e) depend only in an

approximate way of the detailed shape of Z(e), and
provided we are only interested in an integral of
them (as expressed in Eq. (17)) a rough estimate
based on an approximation of Z(e) and an esti-
mated mean-square displacement will be enough.

The procedure to estimate the density of the
states for the present purpose is described in Ref.
[7], so only a brief summary of it will be given here.

(1) The densities of states will be approximated by
a Debye spectrum to describe the acoustic
modes plus one or more Gaussian distributions
to describe the optic modes.

(2) A value of a is estimated to get a reasonable
account of the elastic component, in order to
subtract it from the total incoherent cross sec-
tion.

(3) A derivative with respect to energy is performed
on the inelastic cross section thus obtained, to
reveal the position of peaks that indicate the
presence of the features in the density of states,
as well as the Debye cuto!.

(4) A density of states is built as explained in step
(1) and by the variation of the relative weights
of its di!erent components, a total cross section
is "tted to the experimental data. As a result of
this series of steps estimates of Z(e) and a are
obtained.

In Fig. 3 the results of these steps are shown
on the three systems under consideration. The
elastic and inelastic components are shown,
as well as the total calculated cross sections, along
with the experimental data. The multiphonon com-
ponents of the inelastic cross sections are also
drawn. In the insets we show the "tted densities of
states with the proposed model. Good agreement is
observed between the calculations and the experi-
mental data, which enable us to proceed with our
analysis.
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Fig. 3. Incoherent inelastic total cross sections for the hydrogen
in the three metal hydrides (circles). The dotted line represents
the elastic component, the full thin line is the inelastic compon-
ent, and the dashed line its multiphonon part. The full thick line
is the total calculated cross section. In the insets, the approxi-
mated frequency spectra employed to estimate the di!erent
components (horizontal scale in meV).

Fig. 4. Analysis of the inelastic component of the three metal
hydrides. Black circles represent the inelastic total cross section,
white triangles its one-phonon component, and black diamonds
the one-phonon downscattering contribution, obtained after
subtracting the one-phonon upscattering part represented with
a full line.

5. Results

The calculated multiphonon components, shown
in Fig. 3, permit us to extract the &experimental' one-
phonon components. Furthermore, the knowledge
of a good estimation for the density of states allows
us to subtract the upscattering component from it,
as expressed in Eq. (24). In Fig. 4 this subtraction
process is depicted. It must be emphasized that the
components that have to be subtracted from the
observed inelastic cross section do not display
sharp features, as compared with the remaining
one-phonon downscattering component, which en-
sures that we are not introducing strange shapes in
the detailed analysis that we are carrying out. From
the observation of Fig. 4 it can be noticed that the
low-energy tails show some imperfection in the
subtraction, as negative values are obtained. This

could be due to two di!erent reasons: either an
incorrect background subtraction in the experi-
mental data, or some problem due to the subtrac-
tion of the quasielastic component, especially in
a region where we are subtracting magnitudes that
are similar. Provided the one-phonon downscatter-
ing component must tend to zero at low energies (as
was stated after Eq. (23)), the region where negative
values are observed will serve as a lower bound for
the validity of the present procedure.

At this point, we can construct the function I
1

(Eqs. (22) and (23)). In the left column of Fig. 5, we
show the functions 2k2

0
p$08/
1

(k
0
)/p

"
for each system.

As it was stated after Eq. (20), they must be mono-
tonically growing functions, or must reach a con-
stant value at high energies, when the region of
integration comprises all the vibrational excita-
tions. The region where the date fail to behave in
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Fig. 5. Functions employed in the algorithm to calculate the
density of states. The left column of graphs represents the one-
phonon downscattering function times 2k2

0
/p

"
. The right column

are the derivatives with respect to k
0

(cf. Eq. (22)).

Fig. 6. Calculated densities of states from the total cross-section
measurements (thick line). The dotted line are the results of
inelastic scattering experiments (see text for details).

such a way is due to the statistical errors that are
ampli"ed by the k2

0
factor, so we will restrict our

analysis to the region where the behavior of the
functions is according to theory, which extends
roughly up to 12 As ~1 (300 meV). The right column
of Fig. 5 shows the derivatives of those functions
(i.e. I$08/

1
(k

0
) of Eq. (23)), calculated in the region

allowed by the statistical error. These functions
must be used as an input in the algorithm described
in Section 2.4, that was used to obtain the functions
;

1
(e), and from Eq. (15), the densities of states Z(e),

which are shown in Fig. 6.
For zircalloy hydride, an a value of 0.017 As 2 [2]

was employed and our results are compared with
the data from Rapeanu et al. [15] performed at the
high-resolution spectrometer DIN-2PI (IBR-2 re-
actor at JINR-Dubna, Russia), showing a general
good agreement in the peak centered at 140 meV,
that dominates the density of states. No informa-
tion can be deduced from our data for energies
lower than 50 meV, because as observed the func-

tion I$08/
1

(k
0
) oscillates around zero. A second peak

centered in 260 meV (not shown in the graph) must
be ascribed to the multiphonon e!ects not properly
taken into account. This is likely to happen in this
kind of systems where the shape of the frequency
spectrum is very sharp. As a consequence, the
multiphonon part of the inelastic total cross section
retains some features in the shape of peaks in har-
monics of the main vibrational frequency, as can be
observed in the upper frame of Fig. 4.

The results for magnesium hydride can be ob-
served in the middle frame of Fig. 6, and the re-
sults are compared with a recent measurement
performed at the instrument IN1 (Institute Laue
Langevin, Grenoble, France) [16]. The a value em-
ployed for the application of our algorithm was
0.0256 As 2 [7]. Although the details of the shape of
the density of states cannot be observed with the
high precision attained in that high-resolution spec-
trometer, it is worth observing that the most
important features of the vibrational density of
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states can be clearly distinguished. Again in this
case no information can be obtained from the total
cross section below some 30 meV.

Finally, in the lower frame of Fig. 6 we show the
results for niobium hydride (with a"0.021 As ~1

[7]), compared with the data from Richter et al.
obtained at a triple-axis spectrometer at the Brook-
haven High-Flux Beam Reactor (USA) [17]. A gen-
eral agreement is reached, but it must be asserted
that in the inelastic scattering data, no multi-
phonon corrections are reported. With respect to
the total cross-section data, it must be remarked
that, the matching between our experiment and the
one reported in Ref. [14] at 110 meV might not be
perfect, and could introduce some anomaly in the
derivative.

6. Discussion and conclusions

In this paper we showed that the dynamic in-
formation can be obtained from total cross-section
measurements, and a method was introduced to
obtain the density of states from the incoherent
part of the inelastic total cross section. For the
application of this method, the elastic and multi-
phonon contributions must be known beforehand,
to subtract them from the experimental data. This
can be achieved by the approximation of the den-
sity of states through some simple model, such as
a combination of a Debye spectrum to describe the
acoustic modes plus Gaussian functions to account
for the optic ones, provided that the shape of the
inelastic and the multiphonon components do not
depend on the shape of the density of states in
a detailed way. This simple model can be construc-
ted with a few parameters, which can be "tted to the
experimental data, as shown in Ref. [7].

Inasmuch as this method makes resource of the
derivative of the experimental total cross section,
careful measurements with good statistics have to
be performed, at short energy intervals, which can
be typically carried out in a time-of-#ight neutron
facility. The results shown in this paper are in
reasonable agreement with the experiments per-
formed with high-resolution inelastic spectrom-
eters, in a range of energies from some 40 to
250 meV. The reason for not attaining reliable data

at lower energies can be ascribed to the fact that
over that region most of the scattering is elastic, so
the process of subtraction of this component am-
pli"es the statistical errors of our experiment. An
improvement in the cold neutron #ux is imperative
to extend the lower limit farther, thus allowing
a more direct comparison between the weights of
the frequency spectrum for low- and high-energy
transfers. Nevertheless, with an experiment carried
out with a thermal neutron #ux emerging from
a room temperature moderator in a low-intensity
source as shown in this paper, we covered most of
the range of energy transfers where atomic vibra-
tions take place.

The results presented in this paper, open new
possibilities for the analysis of the dynamics based
on the neutron scattering experiments. In fact, in
modern spallation sources high statistics transmis-
sion experiments can be performed in very short
duration, thus allowing the study of the dynamics
of systems in cases when there is a limit in the
measuring time (i.e. during a phase transformation
or relaxation process). In such cases, especially
when the amount of incoherent scattering is impor-
tant (typically hydrogenated samples) a reasonably
good detail on the shape of the density of states can
be obtained. Another important case where the
measurements of total cross sections must be help-
ful, is when a large amount of sample (as typically
needed in inelastic scattering experiments) is di$-
cult to be obtained, and some information on the
dynamics of the system is desired.
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